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Abstract. This expository note was used for my presentation ”Isotropic

Skeleta” at 2016 Fall Geometric Representation Theory Seminar in UC Berke-

ley. We will discuss some elementary aspects of Stein, Weinstein, and polarized
Kahler manifolds as well as skeleton on them. Lagrangian skeleton has gained

much attention during the last decade mainly in connection with Fukaya cat-

egory. However, we will not discuss such aspects. In the end, intersection
properties of skeleta with symplectic embedding are discussed.

For the first two sections, most results were taken from [3]. For the last section,
results were taken from [2] and [1].

1. Stein Manifolds and Weinstein Manifolds

In this note, unless we specify otherwise, V is a smooth manifold, and φ ∈
C∞(V,R). If (V, J) is almost-complex manifold, we define ωφ := −ddCφ where
dCφ := dφ ◦ J .

Definition 1.1. φ is J-convex (or plurisubharmonic) if

gφ(v, w) := ωφ(v, Jw)

is a Riemannian metric.

Definition 1.2. φ is exhausting if it is proper and bounded below.

Definition 1.3. Complex manifold (V, J) is Stein if it admits an exhausting J-
convex function φ.

Theorem 1.4. For a complex manifold (V, J), the following are equivalent:

(1) (V, J) is Stein.
(2) (V, J) admits an exhausting J-convex function.
(3) (V, J) is holomorphically convex, and for an arbitrary x ∈ V there exists

holomorphic coordinates f1, · · · fn : V → C.
(4) (V, J) admits a proper holomorphic embedding to CN for some N ∈ N.

Remark 1.5. Note that Stein manifold is Kahler with a symplectic form ωφ. Stein
manifolds are necessarily non-compact. In fact, if a Stein manifold V is compact,
as there exists a J-convex function φ and ∂M = ∅, by Stokes Theorem

V ol(M) =

∫
M

ωnφ
n!

=

∫
∂M

−dCφ ∧ ωn−1
φ

n!
= 0

Example 1.6. Open Riemann surface and closed Riemann surface minus points
are Stein. The former is a non-trivial result by Behnke and Stein.
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Remark 1.7. Recall the definition of Liouville vector field. Let (X,ω) be an exact
symplectic manifold, i.e., there exists a 1-form λ s.t. dλ = ω. Then, X is a Liouville
vector field if iXω = λ.

Definition 1.8. Weinstein manifold (V, ω,X, φ) consists of the following data. ω
is a symplectic form, φ is an exhausting (generalized or Bott-) Morsor function,
and X is a complete Liouville field gradient-like w.r.t φ.

Remark 1.9. In this note, we will only consider Morse functions unless specified
otherwise.

The space of exhausting J-convex functions on Stein manifold (V, J, φ) is open
in C2(V ), so a generic path of exhausting J-convex functions consists of Morse
and generalized Morse functions. Now replace φ with an exhausting J-convex
generalized Morse function on the same path close enough to φ, and denote it
again by φ. For the rest of this section, we assume, without loss of generality, Stein
manifold is equipped with an exhausting J-convex generalized Morse function.

One can canonically assign a Weinstein structure to each Stein manifold (V, ω, φ)
as the following. First let ∇gφφ be the gradient w.r.t gφ, i.e., dφ = gφ(∇gφφ, ·).
Then in fact, Xφ := ∇gφφ is a Liouville vector field, and Xφ can be made a
complete Liouville vector field by replacing Xφ with Xf◦φ for a suitable convex
function f : R→ R (we denote the replaced field again by Xφ).

(J, φ) 7→M(J, φ) := (ωφ, Xφ, φ)

is the desired canonical assignment. The following are some non-trivial important
facts:

(1) Weinstein homotopic Weinstein manifolds are symplectomorphic.
(2) For different φ’s, the corresponding Weinstein manifolds are Weinstein ho-

motopic and hence symplectomorphic.
(3) Given a Weinstein structure W = (ω,X, φ) on V , there exists a Stein

structure (J, φ) on V such that M(J, φ) is Weinstein homotopic (hence
symplectomorphic) to W with fixed function φ.

The last result reduces complex-geometry of Stein manifolds to symplectic geometry
of Weinstein manifolds. The next theorem states existence of Stein structure for
manifold with dimension 2n. Notice that 2n 6= 4 and 2n = 4 cases are dealt
separately.

Theorem 1.10. Let V be a manifold with dimension 2n.

(1) If 2n 6= 4: Let (V, J) be an almost complex manifold and φ : V → R be an
exhausting Morse function without critical points of index > n. Then there
exists an integrable complex structure J̃ homotopic to J s.t. (V, J̃) is Stein.

(2) If 2n = 4: If an oriented open topological manifold V admits a (possi-
bly infinite) handlebody decomposition without handles of index > 2, it is
homeomorphic to a Stein manifold.

2. Skeleta

Let X be a complete Liouville vector field of an exact symplectic manifold
(V, ω, λ), i.e., iXω = λ. In the following, we will denote the isotopy generated
by a flow X by Xt. By Cartan’s magic formula, we have LXω = ω. We claim that

(Xt)∗ω = etω



WEINSTEIN MANIFOLDS AND SKELETA 3

for t ∈ R. Since the equality clearly holds for t = 0, it suffices to show the

equality d
dt (X

t)∗ω
∣∣∣
t=0

= d
dte

tω
∣∣∣
t=0

by uniquness of solution. By the definition

of Lie derivative, the LHS is LXω, and the RHS is clealy ω. Thus, the claim
follows. Due to the identity above, we say that a complete Liouville vector field is
expanding.

Definition 2.1. An exact symplectic manifold (V, ω,X) is Liouville manifold if

(1) X is a complete Liouville vector field, and
(2) V is convex in the sense that there exists compact exhaustion {V k} s.t.

V =
⋃∞
k V k and each V k ⊂ V is compact with smooth boundary ∂V k

along which X is outward pointing.

To show that any Weinstein manifold (V, ω,X, φ) is Liouville, it suffices to show
V is convex. For this, take V k := φ−1([0, dk]) where {dk} is an increasing sequence
of regular value of φ : V → R. Since φ is proper, V k is compact.

Definition 2.2. For a Liouville manifold (V, ω,X), we define its skeleton

Skel(V, ω,X) :=

∞⋃
k=1

⋂
t>0

X−t(V k)

where ⋂
t>0

X−t(V k) := {x ∈ V k : X−t(x) ∈ V k ∀t ≥ 0}

Note that V deformation retracts onto its skeleton by the flow. Recall the defi-
nition of a stable submanifold at p ∈ Crit(φ)

W−p (V ) := {x ∈ V : lim
t→∞

Xt(x) = p}

Lemma 2.3. Let (V, ω,X, φ) be a Weinstein manifold. Then, W−p is isotropic
w.r.t. ω, and also ⋃

p∈Crit(φ)

W−p = Skel(V, ω,X)

Proof. We will prove the former statement only. Let φt denote the isotopy generated
by X. Let x ∈W−p and v ∈ TxW−p . Since φt(x)→ p as t→∞,

etλx(v) = (φ∗tλ)(v) = λφ(t)(Txφt · v)→ 0

Therefore, λ(v) = 0, and λ
∣∣
W−p

and ω
∣∣
W−p

vanish. �

One can define the skeleton of a Stein manifold by the union of stable subman-
ifolds. Under certain technical conditions, skeleton of each type becomes isotropic
CW-complex, i.e., a CW-complex whose interior is an isotropic submanifold.

Example 2.4. We will show some examples of Weinstein manifolds and their
skeleta.

(1) Let V = Cn. It has a canonical Weinstein structure

ωst =

n∑
j=1

dxj ∧ dyj Xst =
1

2

n∑
j=1

(
xj

∂

∂xj
+ yj

∂

∂yj

)
φst =

1

4

n∑
j=1

(
x2
j + y2

j

)
Since Xst goes radially outward, let V k = B(k), the closed ball centered at
the origin with radius k. Now it’s clear that the skeleton is the origin.
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(2) Let V = T ∗Q for some closed manifold Q with n = dimQ. Then we have

ωst =

n∑
j=1

dpj ∧ dqj Xst =

n∑
j=1

pj
∂

∂pj
φst =

1

2
|p|2

Note that φst is not Morse but Morse-Bott, and it can be made Morse
by adding it by some Morse function. Notice that Xst goes each fiber,
and Xst in each fiber goes radially outward from the origin. Therefore, let
V k =

∐
q∈QBq(k) where Bq(k) is the closed ball centered at q with radius

k contained in the fiber of q. It can be easily verified that this is compact as
so is Q. Thus, the skeleton is the zero-section of T ∗Q, and it is Lagrangian.

(3) The product of two Weinstein manifolds (V1, ω1, X1, φ1) and (V2, ω2, X2, φ2)
has a canonical Weinstein structure (V1 × V2, ω1 ⊕ ω2, X1 ⊕ X2, φ1 ⊕ φ2).
In particular, the product (V, ω,X, φ) × (C, ωst, Xst, φst) is called the sta-
bilization of the Weinstein manifold (V, ω,X, φ).

Definition 2.5. A 2n-dimensional Weinstein manifold is called k-subcritical if all
critical points of the function φ have index ≤ n−k. In particular, we say subcritical
instead of 1-subcritical, and being subcritical is equivalent to the skeleton being not
Lagrangian.

Theorem 2.6. Every subcritical Weinstein manifold M = (V, ω,X, φ) of dimen-
sion 2n is deformation equivalent to the stabilization of a Weinstein manifold
M′ = (V ′, ω′, X ′, φ′) of dimension 2n − 2, that is, there exists a diffeomorphism
h : V → V ′ × C s.t. h∗(M

′ ×MC is Weinstein homotopic to M, where MC :=
(C, ωst, Xst, φst). In particular, they are symplectomorphic.

By induction, it implies that k-subcritical Weinstein manifold is symplectromor-
phic to M × Ck for some Weinstein manifold of dimension 2(n− k).

Remark 2.7. The following are famous open questions according to [4]. Let (M,ω,X)
be a Liouville manifold with Liouville 1-form λ.

(1) If the skeleton is Lagrangian, does there exist a Weinstein function φ
(i.e. the compatible smooth exhausting (generalized) Morse function) w.r.t.
which the Liouville flow is gradient-like?

(2) Suppose given a 1-parameter family Lt of Lagrangian subvarieties of M ,
with L0 the skeleton determined by λ. When does there exist a family λt
of 1-forms for which these are the skeleta?

(3) Let (M,ω) be a symplectic manifold, and let L ⊂ M be a singular La-
grangian. When is it true that L admits a neighborhood W s.t. (W,ω)
admits a Weinstein structure for which L is the skeleton?

3. Polarized Kahler Manifold

In the first section, it was mentioned that a Stein manifold has a canonical Kahler
structure. Trivially, it is also true for Weinstein manifolds, as there exists a Stein
structure corresponding to the Weinstein structure up to Weinstein homotopy. In
this section, we will discuss some interesting properties of skeleton in polarized
Kahler manifold taken from [2].

Definition 3.1. Local model of complex analytic space (X,O) is a locally ringed
space over C s.t.
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(1) X is an analytic set in a domain U ⊂ Cn defined by homolorphic functions
f1, · · · fk : Cn → C and

(2) the sheaf O is obtained by restricting OU/I on X, where OU is the sheaf
of germs of holomorphic functions in U , while I is the subsheaf of ideals
generated by f1, · · · fk.

Complex analytic space is a locally ringed space over C locally isomorphic to a local
model of complex analytic space.

Definition 3.2. Polarized Kahler manifold P = (M,ω, J,Σ) is a Kahler manifold
(M,ω, J) s.t. [ω] ∈ H2(M ;Z) and Σ ⊂ M is a smooth reduced complex hypersur-
face s.t. [Σ] ∈ H2n−2(M) Poincare dual to k[ω] for some k ∈ N, where we call k or
kP the degree of polarization.

Remark 3.3. In other words, Σ is a closed complex analytic space (Σ, OΣ) of codi-
mension 1 s.t. the localization of structure sheaf OΣ,x at each point x ∈ Σ has no
nilpotent element.

To define a skeleton on polarized Kahler manifold, we will construct an exhaust-
ing J-convex function as follows. Define L := OM (Σ), the holomorphic line bundle
on M defined by the divisor Σ. Then, let s : M → OM (Σ) be the holomor-
phic section whose zero set {s = 0} is Σ (unique up to a constant factor), and
choose a Hermitian metric || · || on L and compatible connection ∇ with curvature
R∇ = 2πikPω. Now,

φP : M \ Σ→ R
x 7→ −4πkP log ||s(x)||2

is an exhausting J-convex function, as it can be easily verified that ω = −ddCφP .
Therefore, (M \ Σ, J, φP) is Stein, so it has the skeleton ∆P (uniquely determined
by P), which is compact since the flow Xt

P is complete at t = −∞ and Crit(φP)
is a compact subset of M \Σ. Finally, note that there is a theorem that states the
complement of the skeleton is symplectomorphic to a certain disc bundle over Σ
with fibers of area 1

kP
.

Example 3.4. Let M = CPn with standard complex structure and standard
Kahler form.

(1) If k = 1: Let Σ = {z0 = 0}. Then, the skeleton is the point.
(2) If k = 2d for d ∈ N: Let Σ = {

∑n
j=0 z

k
j = 0}. Then, the skeleton is the

union of 2d−1 copies of RPn.

To conclude this section, we state the following theorems. Notice that the latter
theorem implies the former: apply the theorem to the case M = CPn with the
above polarization that corresponds to k = 1 and ∆P = RPn.

Theorem 3.5. Let φ : B(λ) → CPn be a symplectic embedding. If λ2 ≥ 1
2 , then

the image of φ has non-empty intersection with RPn ⊂ CPn.

Theorem 3.6. If either dimRM ≤ 6 or ω vanishes on π2(M), then any symplectic
embedding φ : B(λ)→ (M,ω) with λ2 ≥ 1

πk must intersect ∆P .
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