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Abstract. This expository note was used for my presentation ”Turaev-Viro

Model and Its Relationship to Reshetikhin-Turaev Model” at 2016 Fall GRASP

Seminar in UC Berkeley. Classical construction of RT and TV TQFT as well
as the relations of their extension are presented.

1. Review of Categories in Representation Theory

Consider a monoidal category (C,⊗, 1). The monoidal categories in this paper
are assumed to be strict without loss of generality. This section serves for notation
and review. Please refer to [3] for the detail.

Definition 1.1. A twist of monoidal category C with braiding c consists of a natural
family of isomorphisms

θ = {θx : x→ x}
where x runs over all objects of C, such that for any two objects x, y of C, we have

θx⊗y = cy,xcx,y(θx ⊗ θy)

Definition 1.2. Let C be a monoidal category. If for an object x of C, there exist
an object x∗ of C and morphisms

η : 1→ x⊗ x∗, ε : x∗ ⊗ x→ 1

such that
(idx ⊗ ε)(η ⊗ idx) = idx

(ε⊗ idx∗)(idx∗ ⊗ η) = idx∗

then x∗ is called right dual of x. For a morphism f : x → y, one defines the right
dual

f∗ := (εy ⊗ idx∗)(idy∗ ⊗ f ⊗ idx∗)(idy∗ ⊗ ηx)

Likewise, if there exist an object ∗x of C and morphisms

η : 1→∗ x⊗ x, ε : x⊗∗ x→ 1

such that
(id∗x ⊗ ε)(η ⊗ id∗x) = id∗x

(ε⊗ idx)(idx ⊗ η) = idx

then ∗x is called left dual. If there exist both duals for each object of C, then C is
called rigid. The left dual ∗f can be defined similarly.

Example 1.3. For a monoidal category C, End(C) is a 2-category with adjoints as
duals. More generally, any monoidal category can be viewed as a 2-category with
one object, and in this setting, the duals of objects in the monoidal category are
adjoints of 1-morphisms in the corresponding 2-category
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Recall the following terminologies:

• A linear category is an Abelian category with a compatible enrichment over
V ectk where k is a field.
• An object of a linear category is simple if it admits no non-trivial subob-

jects. The endomorphism ring of a simple object is a division algebra over
k.
• An object X of a linear category has finite length if every strictly decreasing

chain of subobjects X = X0 ) X1 ) X2 ) · · · has finite length.
• A linear category is semisimple if every object splits as a direct sum of

simple objects. A finite length object of a semisimple category splits as a
finite direct sum of simple objects.

Definition 1.4. A linear category C is finite if

(1) C has finite-dimensional spaces of morphisms;
(2) every object of C has finite length;
(3) C has enough projectives; and
(4) C has finitely many isomorphism classes of simple objects.

Definition 1.5. .

• A fusion category is a finite semisimple rigid monoidal category such that
End(1) ' k.
• For each object x of a fushion category C, choose morphisms evx : x⊗∗x→ 1

and coevx : 1→∗ x⊗x witnessing ∗x as a left dual of x. The quantum trace
of a morphism a :∗∗ x→ x is

Tr(a) := evx(a⊗ id∗x)coev∗x ∈ End(1) ' k
• A pivotal category is a rigid monoidal category with a monoidal isomor-

phism x→ x∗∗ for each object x.
• A spherical category is a pivotal category where the left and right trace

operations coincide on all objects.
• We will denote, for an object x of a pivotal category C,

dx = dimx := Tr(idx)

the categorical dimension of x. Also, we will denote the global dimension

D2 :=
∑

x∈Irr(C)

d2x

where Irr(C) is the equivalence class of simple objects (equivalence relation
is by isomorphism). Note that there are many choices for D with the same
C (e.g. −D). Also, set ∆ :=

∑
xi∈Irr(C) x

−1
i (dim(xi))

2 ∈ k.

• A ribbon category is a rigid pivotal category such that for any its object x,
(θx)∗ = θx∗ .
• A modular (tensor) category is a semisimple ribbon category C such that
|Irr(C)| <∞ and the matrix [sij ]i,j∈I is invertible, where sij := Tr(cxjxi

cxixj
),

xi, xj ∈ Irr(C) and I is the set of indices for Irr(C).
• Let C and D be linear monoidal categories. A left C-module category is a

linear category M together with a bilinear functor ⊗M : C ×M →M an
natural isomorphisms

α : ⊗M ◦ (⊗C × idM) ' ⊗M ◦ (idC⊗M)
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λ : ⊗M(1C ×−) ' idM
From this definition, the concept of right C-module, C −D-module, module
functor and module transformation are obvious.

Example 1.6. In particular, the category of finite dimensional representations of
quantum group is a ribbon category.

2. Reshetikin-Turaev TQFT

3. Turaev-Viro TQFT

4. Relationship between TV and RT

In this section, we assume the reader is familiar with cobordism hypothesis [4].
Note that RT TQFT respects the orientation, while TV TQFT doesn’t. On the
other hand, TV TQFT can be applied to unoriented compact 3-manifold. There is
a result related to this difference:

Theorem 4.1. For an arbitrary oriented compact 3-manifold M and modular cat-
egory C,

ZTV,C(M) = ZRT,C(M)ZRT,C(M)

ZTV,C(M) = ZRT,Z(C)(M)

where M is M with the opposite orientation. In particular, if C is unitary over C,
the first identity becomes

ZTV,C(M) = |ZRT,C(M)|2

So far, only ordinary TQFTs have been considered. In fact, these TQFTs can be
extended to 3-2-1 TQFTs. From now on, we will mainly consider TQFTs extended
in this sense. Then, [1] showed the following.

Theorem 4.2. We have an isomorphism

ZTV,C(M) ' ZRT,Z(C)(M)

as 3-2-1 TQFTs where Z(C) is the Drinfeld center of C, i.e., FunC|C(C, C), the
category of C − C-bimodule functors.

[2] constructed a TV-like 3d TQFT by proving the following.

Theorem 4.3. Any Fusion category is a fully dualizable object in the symmetric
monoidal (∞, 3)-category TC.

By cobordism hypothesis a fusion category determines a fully extended 3d TQFT.
Roughly speaking, this TC is constructed from the following (3, 3)-category: it has
tensor categories as objects, bimodule categories as 1-morphisms, bimodule functors
as 2-morphisms and bimodule natural transforms as 3-morphisms. It is monoidal
w.r.t. Deligne tensor product, and it is the simplest 3-category.

Input Output
TV Modular category 1-2-3 TQFT Cob31 → LinearCat
RT Spherical fusion category 1-2-3 TQFT Cob31 → LinearCat
TV-like Fusion category 3d fully extended TQFT Bord3 → TC

Remark 4.4. It is conjectured that any fusion category has a pivotal or even spher-
ical structure.
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